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1 Introduction

The Oriented Point Relation Algebra OPRA,,, introduced in Moratz (2004), is a binary
orientation calculus in the domain of oriented points (o-points) with adjustable granular-
ity. Because of the variable granularity of the calculus, a tabular based representation
of the composition operation is infeasible. Two sketches of algorithms for composition
have been given (Moratz et al., 2005; Moratz, 2006), but none of these is complete and
error-free. In this paper, we will provide a complete O(m?)-time composition algorithm
for OPR.A,,,, which is based on the approach presented in Moratz (2006) and extended
to cope with the so-called “same relations”.

After a very brief overview on the OPR.A,, calculus in Section 2, Section 3 presents the
detailed composition algorithm. Properties of the composition operation, in particular
algebraic closure and closure under constraints, will be discussed in Section 4.



2 OPRA,,

2 OPRA,,

The domain of OPRA,, is the domain of oriented points (o-points) in the plane. An
o-point A in the plane is defined as A = (A,0) with a point A € R? and an angle
0 € R, 0<6 < 2n. Whenever we will refer to o-points within this work, it will be
o-points in the plane. Let two o-points A = (A,604) and B = (B,0p) be given. An
OPRA,, relation A rel AB B describes the relative position of the o-points towards each
other.

In OPRA,,, m straight lines partition the plane around an o-point into 2m planar
and 2m linear regions'. Each region is assigned a number i € 24,2, starting with 0 for
the linear sector that matches the direction of the o-point.

If A # B the relation A ml] B (m €N, i,j € Z4,,) reads like this: Given a granularity
m, the relative position of B with respect to A is described by i (i.e.: B lies in sector i of
o-point ff) and the relative position of A with respect to B is described by j. This results
in 4m - 4m possible relations A méz B. The angle @ ap stands for the direction of the
straight line AB with respect to the direction of A, 6. So for A= (A,04), B = (B,0p),

/_fmégéwehave
7—1 1+1
=9 1) A | 2m—— -0 2

v ((z’ =2 0) A (‘PAB —0a= 27T4in>>>

o j—1 - j+1
/\(((j_gl)/\<2ﬂ'4m < QYAB 93<27r4 >>

m

v ((a‘ =2 0) A (*“B 0= 2”4‘3;)))

Figure 1 shows an example for OPR.As and OPRA,.

If A = B, the relation A w/i B denotes which sector i of A contains the direction of
é, 0p. These 4m base relations are called “same” relations. Thus, the set BR of base
relations of OPRA,, is BR = { wZ] |i,j € Zun}U{ mZi |i € Zun}; IBR| = 4m(4m+1).
For “same” relations A mZi B (A = (A,604), B = (B,60p)) holds

. o b _ 1—1 B 1+1
((z =5 0) A (93—«9,4 —27T4m>> i <(2 = 1)A <27r4m <Og—04< 27TTm >>

See Moratz (2006) for more details on OPR.A,, relations.

!Linear regions are also referred to as “linear sectors” within this work and the given references.
2 Z4m denotes a cyclic group with 4m elements.
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0 : 7 o AP 4
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A 7 ¢ 9

Figure 1: Two configurations of o-points A and B under different instances of OPRA,,. Left:
A2/L B right: A./3, B

3 A composition algorithm for OPRA,,

Let three arbitrary o-points A = (A.04), B = (B,0p), and C = (C,0¢), and two
OPRA,, relations A relap B and B relgc c (relap,relpc € BR) be given. The
result of the composition operation relyp o relpc is the set of all relations relga € BR
between C and A so that A relap BAB relpc CANC reloa A has a consistent realization
in R2.

In this section, we first identify 10 different classes of configurations of three o-points
for composition operations without “same” relations (Section 3.1), four classes for cases
with only “same” relation (Section 3.2), and also four classes of configurations with
exactly one “same” relation (Section 3.3). Using this classes, a complete algorithm to
calculate the result of the composition operation can be given in Section 3.4.

3.1 Composition without “same” relations

If /_f, B , and C are pairwise unequal, the three o-points build a triangle, i.e., the angles
a = pap, B = vBc, and ¥ = @c4 sum up to a half circle: a4+ 5+ v = 7 (see Fig. 2).
The triangle may be degenerate. Without loss of generality (w.l.o.g.), we assume it to
be positively oriented; for the negatively oriented case, see Section 3.1.11. The OPRA,,
relations are A
relAB - 'mé‘g 5 'relBC — 7n4§€ , relCA - 'méé

The variables i, j, k, [, s,t describe the configuration of the three o-points, which can be
written as a matrix (1) € Z}*2. i and ¢ denote sectors of o-point A, j and k of B, and
[ and s of C.
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The properties of this triangle depend on whether ¢, j, k,[, s, t are linear “sectors” or
not, i.e., whether i =5 0 or i =2 1 (and analogously for the other variables). To classify
these configurations, we use the canonical transformation W : Z3%? — Z%XQ:

o t j Iy ([ tmod2 jmod2 [mod2
i k s ) \imod2 kmod2 smod?2

A 0 in the matrix denotes a linear sector in an OPRA,, relation between two o-points.

We can now identify 10 different classes J#1, ..., #jg of configurations for A = \If((fié))

1 = {(600) }
Az = {(000): (160): (600)- (670): (600)- (601) }

s = {(000) (000)- (600): (110): (101): (011): (010): - - -}

= {A € Z¥?| two column vectors of A are unit vectors, one a zero vector}

i = {(000): (601): (0%0)- (011): (160): - - -}

={A¢€ Z5*? | all column vectors of A are unit vectors }
A5 ={(160) (010), (601) }

0 00 0 1 0
Hs = {(100), (110)> (00> (101): (o10): -~}

= {A € Z3*? | column vectors are a unit vector, a zero vector, and (})}

A1 ={(100): (Go1): (1%0), (119). (610): - - -}

= {A € Z3*? | two column vectors of A are unit vectors, one is (1)}
s = {(110), 011), (101) }
011y (111y (10 1y (110
°%/9 = {((1)%%)7 (1%1)7 GO%): (ll%)v (%%0)7 (%11)}

o = {(i11)}

See Figure 1 for an example. In the following, we specify the set K, of valid triangle
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A i\a j B

Figure 2: An example in OPR.A4: Three o-points in configuration A = (%é) = (13 ;1 11). The
corresponding configuration class is W(A4) = (§31).

configurations for every configuration class .%,, using the fact that the inner angles of
the triangle sum up to w. The binary operator © denotes subtraction in Zy,.

3.1.1 J4:

We assume the triangle not to be degenerate, i.e., (t91), (jOk), ({©s) # 0. The following
holds:

=(tei)y—. B=(cky =

T=a+f+y=(toi)+(oOk)+ (l@s))%

= (tei)+(ok)+los))=2m

=K' ={({{) ez | v(lll) € A, (tei),(jok),(1©5)#0
and (t©14) + (j O k) + (1©s) = 2m}

If the triangle is degenerate (one of (t ©1),(j © k), (l ©s) = 0), the following holds:

(l95)2m

toi=0=a=0=0+y=n
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= (8,7) = (,0) or (8,7) = (0,7)
= (jok les)=(2m,0)or (jok, les)=(0,2m) (1)
Analogously this holds for (j © k), (I © s) = 0. This results in
K = {(9) € 2337 | W(30) € A,
(toi), (jok), (los)e{(0,0,2m), (0,2m,0), (2m,0,0)}}
K =K/UK,"

3.1.2
W.l.o.g. we look at the configuration (3J9) € 5. It holds:

aclten -5 (ted+) |5 B=(ieky—; y=(1cs);-

7T=a+ﬁ+fy
= 7TG}((t@i)_l‘F(j@k)—F(l@S))%, ((t@i)—i_l"i_(j@k)ﬁ-(l@s))% (2)

((t@i)—l—i—(j@k)—i-(l@s))% <7< ((t@i)+1+(jek)+(les))%

(tei)—1+(Goek+(les) <2m < tei)+1+(Gek)+(les)
-1 <2m—(tei)+ ok +(los) <1

-2m—-1< —(tei)+(ek)+(los) < —2m+1

2m—1 < (tei)+(jok)+(1os) < 2m+1

L

= (toi)+(jok)+(os)=2m, because (toi)+ (jOk)+(l1Os)eZ f

This is a contradiction, because following the definition, i +j+ k41 + s+t =2 1 for all
configurations in #5. As (2) is the same for all other representatives of .#3, there is no
valid triangle configuration in J#: Ky = (). In the following, we will also just consider
one representative.

3.1.3 Ja:

In %5 there is exactly on pair of variables (w.l.o.g. I and s) which denotes two linear
sectors. Let the triangle be not degenerate, i.e., [ # s. It holds:

ae ((t@z’)—l)%, ((t@i)#—l)%[
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BelGor Dy (Gok -+

7=(05)5-
T=a+ 0B+~
- 7re]((t@z‘)ﬂj@k)—2+(l@s))%,((tez‘)+(j@k)+2+(les))%

s

((t@i)+(j@k)+(l@s)—2)% <w < (tedt(ok)+les)+2)y -

toi)+(ok)+(cs)—2 < 2m < (toi)+({ok)+(Os)+2
2m -2 < (toi))+(jok)+(los) < 2m+2

=
=
=
= (tei)+(jek)+(les)=2m, because (i+j+k+1+s+t)=20

= K3' = {({{4) e ZP2 | W(iiL) € 45
t#4,j#kl#sand t0i)+ (jOk)+ (1©s)=2m}

In the case of a degenerate triangle, [ & s = 0.

[6s=0 = ~v=0 = a+pf=n
= (a,B) = (m,0) or (e, B) = (0, )

S (toijok) € {(2m,0),(0,2m)} £ (3)

This is a contradiction, because (t©i) =2 (j©k) =2 1. No configuration in J#3 can form
a degenerate triangle, therefore holds:

K3 = K3’

3.1.4 74
W.l.o.g. we look at the configuration (333). It holds:

o ((t@i)+1)%[

Bellien-14- |

, (Gek)+1)
veltos) -1, (o) + 1)

ae}((tei)—l)

2m

T=a+ B+
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E]((t@i)—i—(j@k)—3+(l@s))%, ((t@i)—l—(j@k)—i—(l@s)%—?))%[
((tez‘)+(jek)+(les)—3)% <m < (toi)+(ok) +(1os) +3)—

2m
tei+(oek)+(les)—3 <2m < (tei)+(ek)+(es)+3
2m -3 < (toi)+(jok)+(los) < 2m+3
= (tei)+(Gek)+(les)e{2m—2,2m—1, 2m, 2m + 1, 2m + 2}

=
=
=
=

Furthermore holds:

i+j+k+l+s+t=y1
= (toi)+(Gok)+(les)e{2m—1,2m+1}
= Ki={tHezd? |9t e, toi)+(Gok) +(1os) e {2m—1,2m+1}}

3.1.5 %5

W.l.o.g. we look at the configuration (199).
Case 1: Let (t©1i), (jok), (les)#0. If follows that t ©4 > 2, and it holds:

e}((t@i)—Q)l

o (te)+2)o-| 5 B=(ieky- 5 7=(os);-

2m
T=a+p+7y
:>7r6}((t -2+ (G ok + (@s))%, ((t@z‘)—l—Q—i—(j@k)—l—(l@s))%

=2m-2<(tei)+(ok)+(es)<2m+2
= (toi)+(Jok)+(es)=2m, becausei+j+k+I1l+s+t=20

The same holds for (19) with j © k # 0 and (§91) with [ & s # 0.

= K5' = {({j%) € ZH2 | W(ijL) € 5,
toi)+(Gok +(los)=2m, (toi),(jok),(los)#0}

Case 2: Let one of the three variable pairs consist of equal values. If t ©i = 0, it
holds:

T . ™ T
O‘G[O?E[ 3 ﬁ_(]@k)% 3 7_(165)%
T=a+ 0+

- 1€ [((j@k‘)—i-(l@s))%, (2+(j@k)+(l@s))%
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((j@k)+(les))% <7< (2+(j@k)+(l@s))%
(Jek)+(es) <2m < 24+ (jek)+(es)
2m -2 < (Jok)+(os) < 2m

(jek)+(os)=2m, because j+k+1+s=20
™
Bry=((iok)+ (o9 =x
a=0
the triangle is degenerate: (a, 3,7) € {(0,7,0), (0,0,7)}
S ((te0),(jok), (15 5)) € {(0,2m,0), (0,0,2m)}

L T T

Ifjok=0o0rlos=0,equation (1) holds, and we get:

(tei),(j e k), (e s) €{(2m,0,0), (0,0,2m)}
or (te1i),(jok),(los)) e {(0,2m,0), (2m,0,0)}, respectively

= Ks" = {({}) € 257 | V(L) € A5
((tei),(jok),(los) e {(0,2m,0), (0,0,2m), (2m,0,0)}}

Summed up, we get

K5 = K5/ U K5/I

3.1.6 75

i 3%2 . _ afabal . L. .
Let M = (3132;2) € Zy,, and M’ = W(;132)5) = (b/llb/jbé”) € #. We can distinguish
three cases:

Case 1: Let x # y, a; = V), = 1,a; = b, = 0 and both a; © b, # 0,a, © b, # 0.

xT

W.lo.g M = (18, ay =t,by =4,a, =1,b, = s. It holds:

e} ) «QL{
a € |(ted-25 —, (tei+D)5

T T
B e }((J@k’)—l)%7 ((JGk)H)%[

V= es)g

T=a+B+7y

> rel(ten+(er -3+Ues);—, (te)+(ek)+3+les);-|

= 2m-3 < (toi)+(Jok)+(os) < 2m+3
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Furthermore:
i+j+k+1+s+t=1mod?2

= (tei)+(ek)+(les)e{2m—1,2m+1}

3% 2 ; alabal
= K = {(Q) € 2R W) = (i) € %
:U;éy,a;:b;:1,a;:b;:O,asc@b:c;éO,ay@by;éO,
> (an ©by) € {2m —1,2m + 1}}

n

Case 2: Let af, =), =0 and a, ©b, = 0. ! This is impossible because of a similar
contradiction as given in (3), page 7.

Case 3: Let 2 # y, a, = V), = 1,a;, = b}, = 0 and a; © b, = 0,a, © b, # 0. W.lo.g.
M’ = (180) again, a, = t,b, =1i,a, = [,b, = s. It holds:

™

o ((ER+Dg-| . y=(es;-

046[0,%[ ; 56}((]'9]“)_1) om 2m

T=a+ B+

= we}((jek)—ur(l@s))%, (2+(jek)+1+(l@s))%
= ((j@k)—l—i—(l@s))% <7< (2+(j@k)+1+(l@s))%
= ok +(10s) —1 < 2m < (jok) +(10s)+3

=2m—-3 < (Jok)+(os) < 2m+1
= (jok)+(les)=2m—1, because j+k+1+s=21

I
= K" ={(555) € Zam | 0 (5255) = Gligyy) € Hosw # v,

a;:bg:1,a’y:bg/:O,axebI:0,ay6by7é0,
Z(an@bn) =2m —1}

n

Summed up:
Kg = KG/ U Kﬁ”

10
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3.1.7 4

3% 2 a’ alal 111
Let M = (y13203) € Zgy? and M = W(p1p2p3) = (b’llb’;bgf) € 7. Wlog M' = (15p)-
‘We have two cases here:

Case 1: Let a/, = b, =1 and a, © b, # 0. W.lLo.g. a; =t,b, = i.

ae]((t@i)—Q)%, ((t@i)m)QL[

m

Be|Gok Dy (G0 +1)5|

m

velos) -5, (e +1)5-|

T=a+f+y

. . T . . s
= 7€ ((t@z)-l—(]@k)—k(l@s)—ll)%, ((t@z)—k(]@k)—k(l@s)—ﬂl)%
= 2m—-4 < (toi)+(Jok) +(os) < 2m+4

Furthermore:

i+j+k+l+s+t=20
= (tei)+(jok)+(es)e{2m—2,2m,2m + 2}
3 2 o
= K7 = () e T2 W) = (i) e

a, =V, =1,a: 00, 20, Y (an©by) € {2m —2,2m,2m + 2}}

n

Case 2: Let a, = b/, =1 and a, ©b, =0. W.lo.g. a, =t,b, = i.

el 2|
Be|iok) ~Dgm GOk +15|

veltos -1, (s +1)|

T=a+0B+7

- ne]((jek)—lﬂl@s)—l)i, (2+(j@k)+1+(les)+1)%[

2m
= ((j@k)—l%—(l@s)—l)% <7< (2+(j@k:)+1+(les)+1)%
= (jek)+(les)—2 < 2m < (jok)+(1os)+4

11



3 A composition algorithm for OPRA,,

=2m—-4 < (jek)+(les) < 2m+2
= (jok)+(os)e{2m—2,2m}, because j+k+1+s=20

= K = () e T2 | w(en) = (i) € #

al, =b, =1,a, © b, =0, Z(an O by,) € {2m — 2,2m}}

n

And summed up:
K; = K7/ U K7”

3.1.8 7:

Let M = () € Z352 and M = W(M) = (3} 1#37) € A5 Wlog M’ = @1). We

can distinguish three cases:
Case 1: Let a/, =¥, =0 and a, © b, = 0. W.lLo.g. a, =t,b, = i.

toi=0 =a=0 =pF+y=n
= (8,7) € {(x,0),(6,7)}
= (jOk, los) e {(2m,0),(0,2m)}

= Ks' = {(i) ez | w(il) = §11),
toi=0, (toi),(jok),(es) e {(0,2m,0),(0,0,2m)}}
U{(HL) €z 1w = (19D),
jek=0, (toi),(jok),(los)e{(2m,0,0),(0,0,2m)}}
U{(Hh) ez Wil = (119),
los=0,((toi),(jok),(los)) e {(2m,0,0),(0,2m,0)}}

Case 2a: Let af, =0, =0 and a, ©b, #0, ay, © by =a, b, =0 (z,y and z pairwise
unequal). W.log toi#0,jok=0and [©s=0.

a:(t@i)% ; BG[O,%[ : WE[O,%[

T=a+ B+
elten, (toi)+2+2)~ [
= T Z2m7 1 om
™ ™
N . T
= (t@z)Qm_w < ((t@z)+2+2)2m

12
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= tei1<2m < tei+4
=2m—4 < t6i1<2m
= toie{2m—2, 2m}, becauset+1i=20

Case 2b: Let now, in contrast to Case 2a, a, ©b, # 0; w.lo.g. t©i# 0,6k =0
and [ © s # 0. Now holds:

—teige o Z[ 1 ve]wen-agn (e +25
T=a+p+7y

= re|(ten+ios) -2, (to)+2+(6s) +2);

—

= ((t@i)+(l@s)—2)% <7< ((t@i)+2+(l@s)+2)%

= (tei)+(les)—2 < 2m < (tei)+(los)+4
= 2m—4 < (toi)+(10s) < 2m+2
= (tei)+(es)e{2m—2, 2m}, becauset+i+1+s=20

From Case 2a and 2b now follows:
= K" = {1 ez vl =), tei£0,jok=00rlos=0, and
(toi),(jok),los)) e {(2m,0,0),(2m —2,0,0)}}
U{@h ez 1wl =30, j0k#0,t0i=00rSs=0,and
((te )( ok),(les)) e {0,2m,0), (0,2m—2,0}}
U{@h ez 1wl =@11),les£0,tci=00r jok =0, and
(tei),(jek),(les) € {(0,0,2m),(0,0,2m —2)}}

Case 3: Let all variables within a pair be not identical, i.e., t©1i, jSk, [ &5 #0.

T
t
= ( @Z)Qm

ﬁe}((jek)—m%, (Gok+25-|
ekﬂesy—mé%4093y+mé%[
T=a+ [+

> rel(ten+Ger +les) —45-, (tei)+({ek)+1es) +4)
=2m—4 < (toi)+(Jok)+(1cs) < 2m+4

T

13
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= (toi)+ ok +(los)e{2m—2,2m, 2m+2}, (i+j+k+1l+s+t=50)

= K" = {1 e Z¥? | () € H, t i, j Ok, 1S s#0and

toi)+(jok) +(os) e {2m—2,2m,2m+2}}

Altogether we get:
Kg = Kgl @) Kg/l @) Kgm

3.1.9 75:
Again, M = (p19203) € Z32 and M’ = W(M) = (3}27) € Ho. Wilog. M = (§11).
We have three cases:

Case 1: Let ay = b, = a, =V, =1, (zx #y), a, ©by = a. ©b, = 0. Wlo.g.

jok=1l6s=0.
T T s T
tei -1, (tei 1——[; @,—[; @,—[
ael(ten -5 (ten+15-| : Belo, =  velo =
T=a++7y
™ ™
tei) —1)——, ((tei)+1+2 2—{
= me|(to) -1 (to)+1+2+2)
= 2m-5 < to1 < 2m+1
= toie{2m -3, 2m—1}
ajayay

= Ko' = {(isy) € Zin” | W(iosiy) = Glagy) € H6, (27 9),

ay=b,=d, =V, =1,a,6by=a.6b, =0, (a,Sby) € {2m —3,2m — 1}}

Case 2: Let ay = b, =a, =V, =1, (z #y), ay ©by; =0, a,0b, = 1. Wlog.
jok=0,10s=1.

aclten-1g- (te)+1)g-|
gelo 7
vel(tes) =25 (tes)+2)5-|

T=a+f+y

14
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m
toi)—1+( —2)—

= me|((tei)—1+(os) )2m

= 2m-5 < (tei)+(les) < 2m+3

= (toi)+(los)e{2m—3, 2m—1, 2m+ 1}

, ((t@i)+1+2+(les)+2)%

o
aq Gy 0,3

= Ko ={(5425) € Zin” | W (15203) = (ufy)) € Ao, (@ # ),
a;:b;:alz:blzzl,ay@by:azebz:1,
> (an ©bn) € {2m —3,2m — 1,2m + 1}}

n

Ca;e 3: Let ay, = b, =a, =0, =1, (v #y), ay©by = a, b, #0. W.lo.g. jOk #0,
les#0.

ae|en -1, (tai+15-|
56}(@@@—2)%, ((j@k)+2)%{
ve|es -9, (tes) +2) |

T=a+ B+
= rel(ten+en+les) -5, (te)+(ek)+les)+5)5-|

= 2m-5 < (toi)+(Jok)+(os) < 2m+5
= (tei)+(Gek)+(1es)e{2m—3, 2m—1, 2m+1, 2m + 3}

= Ko = { (i) € 28 W) = () € Ao, (4 ),
a/y:b;:a;:b;:L ay ©b, #0, a, ©b, #0,
D (an ©by) € {2m —3,2m — 1,2m + 1,2m + 3}}

n

Summed up we get:
Kg — Kgl U Kg” U Kg///

3.1.10 A
M = (%) = (i) € Zih? and M' = W(M) = (;}}7?) € Ho. M' = (ii}). Four

cases can be distinguished:
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3 A composition algorithm for OPRA,,

Case 1: The variables in each variable pair are not equal: a, © b, # 0 Vn.
. T , T
a e}((t@z) ~2)5, ((t@z)+2)%[
. T , T
selior -2, (Gem+2)5|

velos) -2, (1o +2);-|

T=a++7y
= rel(ten+en+les) -0, (te)+(ek)+les)+6)5-|

= 2m—-6 < (toi)+(jok)+(os) < 2m+6
= (tei)+(Gek)+(es)e{2m—4, 2m —2, 2m, 2m+ 2, 2m + 4}

= Ko = {1 e z32 | 0(L) € Ao, t©i #0, jOk#0, 105 #0,

toi)+(ok) +(10s)e{2m—4,2m—2,2m,2m + 2,2m + 4} }
Case 2: The variables of exactly one variable pair are equal: a; ©b; # 0, a, © by # 0,
a;©b, =0. Wlog (L) = (313257).

ae}((t@i)—2)%, ((t@i)+2)%[

Belon -5 (Gok+2)g-|
oo 2]
T=a+p+7
> rel(tei -2+ (e -5, (tei+2+(ek+2+2)5-

=2m—-6 < (toi)+(jok) < 2m+4
= (tei)+(jok) e {2m—4, 2m —2, 2m, 2m + 2}

= Kio" = {(51553) € Zin” | ¥ (55250) = (o 5i5) € Ho, (w#y #2),
a; ©by #0, ay©by #0, a, b, =0,
> (an ©by) € {2m — 4,2m — 2,2m, 2m + 2} }

n

16



3 A composition algorithm for OPRA,,

Case 3: The variables of exactly two variable pairs are equal: a,©b, # 0, a, ©b, =0,
a; ©b, =0. W.log. (L) = (313257).

™ s

ae}((tei)—z) ,((t@i)+2)%[ : ﬂe[o,%[ : 76[0,%[

2m
T=a+F+7y
T
= me |((tot) —2)—
el -2,
= 2m—-6 < toi < 2m+2
= toie{2m—4, 2m —2, 2m}

(@e@+2+2+®é%[

= K" = {(2) € 2 | W) = (ied) € o, w4y # 2)
a; ©b, #0, ay©by =0, a,©b, =0,
D (an ©by) € {2m —4,2m — 2,2m}}

n

Case 4: The variables of each variable pair are equal: a, © b, = 0 Vn.

celo Sl selo gl velo gl

T=a+ [+
T
- 0, (242 2—{
WE[ (2+2+2)5 -
3
=>0< 7T < —
m

= 0<m< 3

Obviously, this case only exists for OPR.A; and OPRAs.
= K" = {({1}) ez | (L) € Ho, toi,joklos=0}
Altogether we get:

Klo/ U Kloﬂ U Klom ,ifm >3
Ky =
Klo’ U Kloﬂ U K10”l U Kloml ,ifm < 3

17



3 A composition algorithm for OPRA,,

3.1.11 Negatively oriented triangles

If the triangle is negatively oriented, the corresponding set K, can be derived by substi-
tution of variables. We define a transformation W : Zi;ff — Z§X2:

=t g 1\ _ ik s
()= 5 )
K,, can now be derived analogously to K, just by considering U instead of .

3.2 Configurations with “same” relations: all o-points at the same position

In this section we look at the configuration in which all o-points are at the same position
(A = B = C, see Figure 3). We assume the o-points to be positively oriented. We have
the OPRA,, relations A mZi B, B wZk C, and C' mZs A.

Figure 3: Composition with only “same” relations: All o-points are at the same position.
For the triples (i, k, s) we define a transformation ¥’ : Z3 = — Z3:
U'(i, k,s) = (imod 2, kmod2, smod 2)
We can now identify four different classes .77, ..., .7 for a matrix A = V'(i, k, s):

A= {(07070)}
S =1{(0,0,1), (0,1,0), (1,0,0)}
S5 ={(0,1,1), (1,0,1),

—~~
—_
(en]

S~—

—

18



3 A composition algorithm for OPRA,,

Sy = {(17 L, 1)}

In the following, we will take a closer look at those classes and will specify the set S; of
valid configurations for each one.

3.21 A
The configuration ¢ = 0,k = 0, s = 0 is trivially valid. Otherwise holds:

T T T
. — k. — g
“T o, B om ' %om

’7T
2m = o+ B+ = (i+k+s)
2m

=i+ k+s=4m

:51:{(1'71{:78)GZim|\Pl(i7k78)€c§ﬂ17 i+k+324m0ri,k,820}

3.2.2 S
W.lo.g., ¥ (i, k,s) = (1,0,0) in Zs.

T T
aE](lfl)%, (Hl)%[ ;
2r=a+ 0B+~
. ™ . s
:>27T€}(7171+k+8)%, (z+1+k+s)%{
=4dm—-1 < i+k+s < 4dm+1

=i+k+s=4m, buti+k+s=1 i

% is no valid configuration class, Sy = 0.

3.23 ¥
W.lo.g., ¥'(i,k,s) = (1,1,0) in Zs.

ae](z‘—l)%, (z‘+1)2i[

ﬂe](k—l)%, (k+1)%[

T "om

19



3 A composition algorithm for OPRA,,

2r= a+ 0+~
T T
2 }'—1 k—148)—— (i+1+k+1 —[
=21 € | (4 + +s)2m (t+14+k+ —|—3)2m
= 4dm—-2 < i+k+s < dm+2
= i+k+s=4m, because i + k+s=50

= S3={(i,k,s) € Z},, | V'(i,k,s) € F5i+k+s=4m}

3.24 ¥ :
. s . T
v T
56](/@—1)%, (k+1)%[
T s
2r=a+ B+
= 2 e}('—1+k—1+ D), (i 1+k+1+ +1)l[
T ) s 5 (0 s 5

= 4dm -3 < i+k+s < 4m+3
=i+k+se{dm—1, 4m+ 1}, because i +k+s =51

= Sy ={(i,k,s) € Z},, | V(i,k,8) € S4, i +k+s€{dm—1, 4m +1}}

3.2.5 Negatively oriented o-points

In the case of negatively oriented o-points, we again use substitution. We define a

; 0! - 73 3.
transformation V' : Z3,  — Zs:

' (i, k,s) = W' (4m — i,4m — i,4m — s)

and derive S, analogously to S, by considering ¥’ instead of ¥’

3.3 Configurations with “same” relations: two of three o-points at the
same position

W.lo.g, A and B are at the same position, and C' is not (see Figure 4). We have the

configuration A m/i B, B mlé C, C m/t A. For a valid configuration, [ must equal s,

and because of their lacking influence on the configuration, their values are arbitrary.
Regarding i, k and ¢, we can identify four classes 7,..., 9 for A = V'(i, k,t):

20



3 A composition algorithm for OPRA,,

Figure 4: Composition with one “same” relation: A and B share the same position, C does
not.

71 =A{
T =A{
T3 =A{
T =A{

0,0,0)}
0,0,1), (0,1,0), (1,0,0)}
0,1,1), (1,0,1
1,1,1)}

~~ ~ —~

These are the same sets as .7,...,.%4, but note that we consider ¢ and not s to
determine the classes in this case.

In the following, we will specify a set T; of valid configurations for each of those
configurations. Again, we assume the configuration to be positively oriented.

33.1 7

Case 1: Let ¢t = 0. The configuration ¢ = k =t = 0 is trivially valid. For i 20 or k # 0
holds:

a=ig— ; f=k— ; =0
2m m

T

2m = =i+ k)—

T=a+0+y=(+ )2m
=i+ k=4m

21



3 A composition algorithm for OPRA,,

= T{ ={(i,k,t) € Z},, | V'(i,k,t) € Z,i+k =4dm}
Case 2: Let t # 0. It holds:

T s T
. T
r=a+0+vy=(i+k+4m —t)—
2m

=i+k—t=0
=T = {(i,k,t) € Z%, | V'(i,k,t) € Ti, i+ k—t =0}
Altogether we get:
Ty = {(i,k,t) € 28, | V' (i,k,t) € A, i,k,t =0o0ri+k=4mori+k—t=0}

332 %:
W.lo.g., ¥'(i,k,t) = (1,0,0).

T s T T

1) (4 1—f[- — k. oy = (4m— )
aelli-Ng (i+D5-| i B=ks— 5 7=(m—1)5-
. T . T
27T:a+ﬁ+’ye}(z—1+k+4m—t)—, (i+14+k+4m—t)—
2m 2m

= -1 <i1+k—t <1
=i+k—t=0, buti+k+t=o1 f

5 is no valid configuration class, Ty = ().

3.3.3 %
W.lo.g., ¥ (i, k,t) = (1,1,0).
Case 1: Let t = 0.

ae](i—l)%, (i+1)%{ : ﬁe}(k_n%, (k+1)%[ . =0

7T T
o — }'—1 k=1 (i+1+k 1—f[
R R T [ R S R Y e
=4dm -2 < i+k < dm+2
=i+ k=4m, becausei+ k=20

22



3 A composition algorithm for OPRA,,

= Ty = {(i.ht) € Ty | W(i,k,t) € Fiy i+ k = dm)
Case 2: Let t # 0.

ae](z—l)%, (1—1—1)2—[
ﬁe](k—l)%, (k+1)2l[
:(4m—t)%

2W::a+ﬁ+76}@—1+k—1+®n—ﬂé%,U+1+k+1+®n—ﬁé%[

= -2 <i+k—t <2
=i+k—t=0, becausei+k+t=50
= T§ = {(i,k,t) € Z}, | V'(i,k,t) € T3, i+ k—t =0}
Altogether we get:

Ty = {(i,k,t) € Zi,, | V'(i,k,t) € T3, i+ k=4dmori+k—t=0}

3.34 9, :

ae}(i—l)%, (z‘+1)lm[
ﬂE}(k‘—l)%, (k+1)%[

s ™
Am —t— 1), (4m —t 1—[
v € | (am Jps (4m—t+ 1)

T e
o = | dm—t—3)——, (i dm—t+3)5|
T=a+0+ve|(i+k+4m—t 3)2m (i +k+4m t+3)2m

= -3 <itk—t <3
=i+k—te{-1, 1}, becausei+k+t=21

= Ti={(i,k,t) € Z,, | V'(i,k,t) € T, i+k—te{-1 1}}

3.3.5 Negatively oriented o-points

In the case of negatively oriented o-points, we derive T, by substitution analogously to
section 3.2.5.
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3 A composition algorithm for OPRA,,

Algorithm 1 The OPRA,, composition algorithm

R=10
if 11 = wZi ANrg = wZk then > only “same” relations
calculate R according to (4)
else
if ri = wdi Arg = mli: then > one “same” relation
calculate R according to (5)
else
if ri = még Aro = mZk then > one “same” relation
calculate R according to (6)
else > usual case — no “same” relations
fort=0to4m — 1 do
begin
for s=0to4m —1do > check “non-same” results
begin
if (/1) € K, then
R=RU nZ}
end
if (i,k,t) € T, then > check “same” results
R=RU n/t
end
return R

3.4 Calculating the composition

After having identified the valid configuration classes %, .%,, and ,, calculating the
result of the composition operation is straight-forward. Given two OPRA,, relations
r1 = mZ] and ro = mZk, the relation =/% is part of the solution of r1 o ro, if (141) is a
member of one of the sets K1, ..., Kig or (i,k,t) is a member of T1,. .., T}, respectively.
Thus, we need to regard (/%) and (4, k, t) for all 4m possible values of s and ¢, determine
the corresponding classes %, and 7, and regard the resulting sets K, and T,,. For com-
positions including one or two “same” relations, we can act accordingly and determine
T, or S,. However, as those compositions reduce to simple addition of angular intervals,
they can be computed easily in O(1) regardless of m. The resulting composition results

are

mZ(t+k =9 0V k=20
mﬁomgk:{uifzfl ) P 11 2 >0 (4)
a—itk_1mla else
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4 Algebraic closure and closure under constraints

I _ _
wliondhy= "l 1=20VE=20 5
Ua:i+k_1 méa else
] méj"_k jEQO\/kEQO
L omlh =N e (6)
Ua:jfkfl mél else

The complete algorithm (for positively oriented o-points) is given on page 24. If the o-
points are not positively oriented, use substitution before as described in Sections 3.1.11,
3.2.5, and 3.3.5.

In the worst case of 71 and r2 being no “same” relations, the algorithm loops 4m- (4m+
1) times. Calculation of K, S, and T, is done in constant time for each configuration,
so the overall complexity of the algorithm is O(m?). Because m is constact, the algorithm
computes composition for every instance of OPRA,, in constant time.

A reference implementation of this algorithm is part of the SparQ toolbox® (Wallgriin
et al., 2006).

4 Algebraic closure and closure under constraints

The OPRA,, composition algorithm as described in the previous section has been in-
cluded into the SparQ toolbox (Wallgriin et al., 2006). Unfortunately, the standard
constraint reasoning procedures algebraic closure and backtracking search over atomic
networks based on algebraic closure can only be used for approximate consistency check-
ing. The reason is that for OPR.A,, algebraic closure is not sufficient to decide consis-
tency even for atomic networks and thus inconsistencies may not be discovered.

That algebraic closure is insufficient to decide consistency even for atomic networks
can be shown using the closure under constraints criterion recently introduced by Renz
and Ligozat (2005). We quote the two important definitions from their paper (Definition
1 and 2, Section 3):

Refinement to a subatomic relation: Let © be a consistent atomic
CSP over a set A and xRy € © a constraint. Let R’ be the union of all tuples
(u,v) € R that can be instantiated to x and y as part of a solution of ©. If
R’ C R, then O refines R to the subatomic relation R'.

Closure under constraints: Let A be a set of atomic relations. A
is closed under constraints if no relation R € A can be refined to non-
overlapping subatomic relation, i.e., if for each R € A all subatomic relations
R’ C R to which R can be refined have a nonempty intersection.

Renz and Ligozat show that algebraic closure decides consistency for CSPs over A if
and only if A is closed under constraints (Theorem 1, Section 3).

3SparQ can be obtained at http://www.sfbtr8.uni-bremen.de/project/r3/sparq/
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4 Algebraic closure and closure under constraints

A

Figure 5: OPRA,, is not closed under constraints as the relation between C and D can be
refined to two subatomic relations with an empty intersection (dashed lines).

If we now look at Figure 5, we see that this is not the case for OPR.A,,. The figure
shows three oriented points /T, B , and C which form a clockwise oriented triangle with A
and B both pointing at C. The complete triangle is described by the following OPR.A,
relations: A 24? E, A 248 C_”, and B 248 C. We now add another oriented point D
with C 2 /3 D. Then we refine this relation between C and D by stating that A and B
also point at D: A 248 D and B 24% D. As indicated by the dashed lines, this refines
the C 245 D relation into two different linear subatomic relations which have an empty
intersection and D would have to lie on both lines at the same time which is not possible.
This inconsistency is not discovered by the algebraic closure algorithm and hence this
counter example demonstrates that even for atomic networks algebraic closure does not
decide consistency for OPRA,,.
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